I. Simple Lunar Trajectories: Kepler's Elliptical Model (Planar Point Mass)

This Section on Kepler is shown for historical interest. Newton's Dynamics is used in all the following Sections

Kepler's E Model (Planar Point Mass 2 Body): See the Glossary and Figures in last two pages of t(wis StEjjy
Convert Cartesian Ellipse Eq. in (x,y) to polar (r,v) coordinates (ij . (1)2 _, o= all-e
- 1+ e-cos(v - Ej

Ellipse is relative to the focus a b

x(a,0) := a-cos(0) and y(b,0) := b-sin(6) —> Y

O<t<2m c Hx,y)=4x"+y" and 0(x,y) = atan(—j

e=— X
For the moon a d 3
- — . . 22 _ - 5 km
em = .0549  dp, = 384400km dap = 406603km my, = 7.347-107kg a,, := T+ P = 3.986-10 —
€

‘_ 1024 sec
For the Earth: Mass  ™e "~ 3.972:107 kg
The parameter e is known as the eccentricity. The value of this parameter defines the shape of our orbit.
Depending on the value of e there are four kinds of shapes (conic sections), which means there are four

Note: a and b are distances from the center, ¢

kinds of orbits: circle, ellipse, parabola, and hyperbola, fore =0, < 1, =1, and > 1, respectively.
H=1 =6 e=0 ey=2 ep=1000 §:=0,001.21 Gemg = 3.985x 10" =
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I CCOSTN Y  pp — 0
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The Patched Conic Section Approximation for Finding a Lunar Trajectory

The Patched Conic Method is an Approximation for finding a trajectory by dividing space between the
sphere of influence (SOI) of the earth, Lunar Earth Orbit (LEO) and the SOI region of the moon.

Moon's sphere of
When the spacecraft is within the sphere of irtfluence
influence of the moon, only the gravitational force i
between the spacecraft and the moon is E R h
considered, otherwise the gravitational force ’ »
between the spacecraft and the earth is used. This :
reduces a complicated n-body problem to multiple
two-body problems, for which the solutions are
the well-known conic sections of the Kepler
orbits. Below is an example composite solution.

e T

See for Example:
Optimal Two-Impulse Trajectories with
Moderate Flight Time for Earth-Moon Missions,
Sandro da Silva Fernandes
Mathematical Problems in Engineering
Vol. 2012, Article ID 971983,

or
Bate, R. R., D. D. Mueller, and J. E. White, /
Fundamentals of Astrody namics R T T A e e TR e SR i o

Earth

Moon

at time fy

U

Rather than dealing with large powers of 10, we can use Astronomical Units, for distance, velocity, time: AU, VU, TU.
Where AU is the mean distance of the earth to the sun and DU is the radius of the earth. TU is the time unit. Then the
velocity unit, (VU) is equal to DU/TU.

km
DU := 6378.145km AU := 1.496-10%km kmps := — VU = 7.905368kmps TU := 806.8s D:=d,,
s

Laplace's Equation for Moon's Sphere of Influence: Rec:=D (mm
sif =+

0.4
this is about 1/6 of the distance, D, to the moon m_GJ Ry = 66300km Ry =10.395-DU

The conic patched problem for finding a trajectory can be stated as follows:
Given: Initial rocket launch conditions in the earth's sphere of Influence, that is, initial position, velocity, flight path
angle, and phase angle: rg, Vo ¢, and yg ,

The three quntities rg, Vg $g will give us initial energy and anglular momentum.

Find: Arrival conditions at moon's Sphere of Influence: ry, v4 ¢4, Aq. Fos Vo d)o, and )\1

The problem with assigning these initial points is that they may not give a satisfactory solution to match the
arrival conditions. Our strategy is to use the arrival ange A4 to the moon's SOl as one of the independent condition

Given _the 3 initial conditions and one arrival condition as our independent variables:
These will move us into the radius of the moon's sphere of influence. Some trial and error may still be required.



EXAMPLE: See Bate, R. R., D. D. Mueller, and J. E. White, Fundamentals of Astrodynamics

Solution: Select the Apollo 11 Flight Conditions for initial conditions: ry, vy, ¢, and A,_

Given: 1o := DU + 334km v := 10.6kmps ¢ := Odeg A reasonable angle to arrive at moon \; := 30deg

Find: rq, v4, &4, v; (the last symbol, v, is the Greek letter gamma, the Arrival Phase Angle at the Moon)

2
- DU

Initial Energy and Angular Momentum are Energy(vO,rO) = —0.011-vVU? hg = h(vO,rO,q)o) = 1.441-W

D =60.268DU  Bythe Law of Cosines: ry(X) = \/Dz + RS>~ 2DRg-cos () 11 =1y (N) = 51.529-DU
pU?
From Law of Conservation of Energy Eg = Energy(vo,ro) Eg = -0.011-— hy:=hg
and Momentum: TU

{ [ j hy
41 (rl) = [2:|Ey +% vl = vy(rD) =0.128-VU yl := 0.1296VU ¢y := acos(rl.vlj b1 = 77.542-deg

In order to calculate the Time of Flight, TOF, to the moon's SOI, we need to Find:
p; a, e, E; and E, for the Geocentric Trajectory.

2
hg
R= T = 2.075-DU a

MA®

S = [1-= P
2 Energy(vo , ro) A a

e = 0.977 vy =v(p,rl,e) vy =2.956

e + cos(vy) j

R
N1 = asin(r—lS sin(kl)) =5789-deg a=44698DU since: vy:=0 EcAy:=0 EcA|:= acos(1 - e-cos(ul)

’ 3
EcA| =1728  TOF:= E-[(EcAl — e-sin(EcAy)) - (EcAq - e'sin(EcA) | TOF = 51.132-hr

We can use the same procedure at the moon (Selenocentric).

See Section XVI for the Newtonian Gravitational Solution for the Lunar Trajectory.
We need to determine the values of v1 and Rs in units based on the moon's gravitational attraction parameters.
The Angular Velocity of the Moon (w,) in its orbit is

1
|I Moon

[ attime

Moon's sphere of
influence
_grad —3 1
W, = 2.649-10 e W= 2.137-10 TO No =V~ Vg~ — Wy TOF o = 135.637-deg
3

km
Vim = 1.024kmps By = 4093—2 Vi, = 1.018kmps Then Vom = 1.198kmps
€y = 5.68deg L= 2.078 s Ip = 4105km hp :=2367km R =10.395-DU

3
= 4.903. 10> X1
M= 4.903-10 g



Time of Flight - Black (hours)

Time of Flight

Develop an algorithm to Calculate Time of Flight

TOFalg(VO’fo,d)o,M) = |hg <« r0~v0-cos(¢0)

ho”
p&e —
V!
Eg « Energy(vo ,ro)

EcAq < 0

A —
2E,

e 1—E

a

rl \/DZ +Ry> = 2DRg-cos ()

vy« vip.rl.e) This gives a different value

e + cos(vy) j

EcAl “— acos(1 - e~cos(v1)

\/z:-l_(EcAl - e-sin(EcAl)) - (ECAO - e-sin(EcAO))—l

TOF «
hr
A« (TOF ¢)t
51.132
VO = 10846kmps TOFalg(Vo,ro,d)(),)\l) = (0 977 j
tof (Vo) = TOFalg(VO .10 (1)0 s >\1)0 GCC(V()) = TOFalg(VO 10 (1)0 s >\1)1

Initial Conditions: rg = 1.05-DU Alititude := ry — 1DU = 318.907-km bg=0
hyperbolic := 1 Vinj = 10.8kmps,, 10.805kmps... 11.2kmps
Note: As the velocity increases above the minimum 10.8 kmps, the Time of Flight decreases
and the trajectory shape changes from Elliptical to Hyperbolic.
Flight Time & Eccentricity vs. Injection Velocity
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Polar Plot of the Solution for the Patched Conic Lunar Approximation

a~(1 = ez)

1+ e-cos(v + ”fO)

Y= -90.002deg, —90.001deg .. 41deg X = 39.5deg,39.501deg.. 360deg  p(v) :=

Note: A4 is not = 30 deg @ := 33deg Earth(0) := 1.5sin(6 + ¢) 8,=0,0.001..27

'm =282 am:=15 T'moon (0, ®) = 1y cos(0 — @) + \/amz - rm2 sin(0 — Lp)2

Radius of Moon Sphere of Influence  r,;(6,¢) := ry-cos(6 — @) + \/10.42 - rm2 sin(6 — gp)2

Point of Conic Patch
SpShip = 75.5
0.1 v = 39.5deg

J1 = (1-cos(8 - @)

£ = 0.05,0.051 .. p - 0.05 m_path(€) = T

P = 0,0.0017365... ¢ Mine () =

Polar Plot: Geocentric Frame - Earth at the Center

From the list of functions shown on the left of the plot below:
r(v) shows the Trajectory Ellipse Conic Ptach in blue, Earth(0) is at the center in black, rpoon(6,9) in red is the

location of the moon at intercept ¢ = 33°, r,,,5i(6) is the circle in green of the moon's of sphere of influence,

Imoon(8,0) in red is the initial location of the moon at 0°, rm_path(ﬁ) is the dotted line path of moon from 0 to @. r(x) is
the dotted line that shows the elliptical path back to the earth, and r};¢ is the red straight line from earth at center to
the moon to show angle A4. SpCraft is where SpaceCraft enters the Moon's Sphere of Influence. Point of Conic
Patch. Blue dot.

Patched Conic Approx. Trajectory to Moon (Red)
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IA. Apollo Free Return Trajectory: Simulation for CSM to Moon & Back
Trajectory Model: 3-Body (Earth, Moon, Spacecraft) 2D Planar Point Mass with Earth at Center

This 3 body gravitational solution for the FRT uses the Mathcad Differential Equation Solving Methodology dis cus sed:
arXiv:1504.07964
"Motion of the planets: the calculation and visualization in Mathcad", Valery Ochkov, Katarina Pisa

The aborted Apollo 13 mission was the only mission to actually turn around the Moon in a free-return trajectory.

Solve the Gravitational and Dynamics Equations for Earth, Moon, & CSM Trajecto

kg =1 m =1 5=1 MN=1 5=1 min = 60s hr .= 3600s kaf .= 9.80665N
: _ _ km _ -3 2
km = 1000m kmps = km kph = hr mph = 0.447-10 “kmps G = 6.67384.10" 11_N m
a
Run Simulation for 160 hrs  Apollo 11 Orhit 77 hrs
FRAME = 999  ngqe = 20000 n:= 989 Nplot ™= 10000 tand = L[}h1r-|{FR,ﬂ.r‘-.‘|E +1) torp = 81.44 hr
n 4

Time of Flight (TOF) = to
Trajectory to Moon's Sphere of Influence

Initial x,y Velocity CSM Radius of Earth Apogee to Moon

vy = 6.811kmps oy = 6.356kmps vegy = 9.317kmps Rg = 6370km 'dm_ap = 405500km

Define Gravitational and Dynamics Equations for Earth, Moon, and CSM
Mass Start position Start Velocity

Barth.e (m. %0 Yen V%e0 Weo )| |597210%%kg  Om om Okph  Okph |
Moon,m | my %m0 Ym0 Y*mo YWmo | = ?_34?.1[}22kg dm_ap Okm Okmps  0.97kmps
CSM.s | mg x50 VYs0 VXsp Ws0 ) 13600kg  Ro+ 100km Rg - 100km v, voy )

Given Solve Set of Differential Guidance Equations for 3 Body Problem of Earth, Moon, and CSM

xe(0) = xgp  Xg(0) = vxg ¥e(0) = yep Ye'(0) = vyqq

G~me-mm-(xm(t) - xe(t)) G- mg mg (xs(t) - xe(t))
Mg X (t) = 3 + 3
N (%0 = () + (360 = ¥y (V)] N (%60 = x4(0) + (3 (0 - y5(0)’
G'me'mm'(yIn(t) - ye(t)) G- me-mg- (yS(t) - Ye(t))
mg Yo () = +

3

3
[ (%0 = xn®)+ (50 = 3m®)]  [f{xe(0 = xs0)7+ (60 - 5s(0)’]

Xm(0) =Xy Xp(0) = VX ym(O) = ymo  Ym'(0) = vymo

G mpy Mg (Xe () = Xy (1) G- mpymg (x(0) = Xy (D)
My Xpyn(t) = +
2 2 3 2 2 3
J (Xm (D = x¢(0)" + (Y (D = ¥e (D) j (Xm(® = x5(0) 7+ (Y (O = y5(1)
G'mm'me'(ye(t) - ym(t)) Gmm'ms'(yS(t) - Ym(t))
mm-ymn(t) = +

3

3
(5 = %e0) + (5m® = e )| | f(xm® = x50)7+ (30 - y50)?]
x5(0) = x5 x4(0) = vxg ¥5(0) = y50 ¥5'(0) = vygq

G-mg mg:(x(1) = x4(0)) G- mg mp- (X (0 = x4(0))

mg-xgn(t) = +
(%60 = )% + (350 - ym(®)7]

3

3
U(xs(t) = xe )%+ (v5(0 - ye(t))zJ
G-mg me-(ye () = yg(1) G- mgmyp- (ym(0) - y5(0)

mg y(t) = +
S /S > 5
| (%0 = X ()% + (350 = Y 0]

3

3
| (500 = xe0) + (350 - ye0)’]



IA. Free Return Trajectory: 3 Body Sim for CSM to the Moon & Back

Trajectory Model: 3-Body (Earth, Moon, Spacecraft) 2D Planar Point Mass with Earth at Center

Differential Equation Solver

nitial Ye'ocity (km/s) of CSM at an Aliitude of 141 km:

(%) (%) ] _f'vg_.{z + VE.YE = 9.31€-kmps

v Va Distance to the Center of the Moon . .

- ) : 2 ¢ 12 dmltorh )

*m %m dm(t) = Jl_xm{t) - XS{tH + l_'i'rm(t} - '_'rrsf:t}_J —m = 1619

- = Odesolve - .tend -Nede time tq,, just bayond lunar fly by time Liydot

i t *sltop
Xg X5 L tr =0, gonr tr, = 0
end fly fly. R
| Nplet Mplot e

Vs ) [\ Ys ) i

d
(1) = —x=(t
WXe () thh(}

2 2
st = g (t)” = wsl(t)

walt) = %vszn

Finding a Free Return Trajectory (FRT) is a little tricky. First, the trajectory must catch the moon at the exact place
and time as travels around the earth and then after being swing around by the moon's gravity it must swing back and
catch the earth in such a way as to go into earth orbit. This can present a problem for the Differential Equation Solver.
This is a three body problem. A change in the CSM's trajectory is influenced by the pull the moon, which in turn is
affected by the pull of the earth. The solver can easily fail to converge on a solution. A change in angle by 10 degrees
can result in a large change in orbit time of 4.5 days. We also must check that CSM does not crash into moon.

Below is a plot of our FRT solution for the Apollo Trajectory. It shows the CSM's x,y position and velocity from earth to
moon and back. .Note the figure 8 orbit of this Free Return. The Apollo 11 flight time to the moon was 77 hours. Our
simulation is for 81.4 hours. Because of instabilities, convergence problems, etc. some trial and error was required.

Simulation of Lunar Free Return Trajectory: CSM Paosition, Velocity, Distance to Moon

65 13
Hy -
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ﬁ - ' r.\'}» '|arsund by the moon's 3(tgy|
e ' i /| | grayitational pull. | —
ses B i 5 T kmps
Y5t ' i ()
= 30( , : 6
& ' CEM Velocity : R
. wversus x-distance) | i —
Ys|.tend__:' 25 blot. Black dotted line. “-CSM Trajectory Cru_ss over Paint 18 3
R ' Forms a Figure 8 s
e |. =
see 20 i “Initial trajectory angle was 43° 1 =
Ymltorb) . Angle is with respect to x-axis, which =
R 15 : was choosen to be the Apolune 3 2
os f {most distant point to moon's orbit). =
YS |T0rb:| 1[] - g _2 E
R Tl Moon distance--—k--Does not crashl! =
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IB. 4-Body Sim of Apollo Free Return Trajectory: CSM to Moon & Back
Trajectory Model: 4-Body (Earth, Moon, Sun, Spacecraft) 2D Planar Point Mass w Earth at Center

This Simulation Uses the Mathcad Differential Equation Solving Methodology discussed in: arXiv:1504.07964
"Motion of the planets: the calculation and visualization in Mathecad”, Valery Ochkov, Katarina Pisacgic
4-Body Reference Frame: Earth and moon are initially at 0,0 and the earth and sun are initially not moving.

kg =1 m =1 5 =1 M=1 5= min = 60s hr = 3600s kgf = 9.80665M
km = 1000m kmps = km kph = P;_m mph = G.44T-1E}_3kmps Nplot = 10000
r
Run Simulation for 115 hrs Apollo 11 Orbit 77 hr
FRAME = 999 n_y,=20000  n =999 g = 114'51hr-|'_FRﬂxI'v1E+ 1) {0, = 58.5nr
, " Time of Flight (TOF) = tpp
G- 56738410 11_ M-m Trajectory to Moon's Sphere of Influence Apolune
kg Initial x,y Velocity CSM  Radius of Earth Apogee to Moon
vgx = -58kmps Voy = 5 5kmps Ry, = 1737 4km Ry = B370km 80y, ap= 405500k
tong = 114.5hr Vosm = Vox + oy Vogy = 9.365kmps g o= 162.10 km
Define Gravitational and Dynamics Equations for Earth, Moon, and CSM
,-' 3
e is Earth (Mg ¥og Yeg Yeg Wep || 5.9?2-1[}24 kg Om Om Okph  Okmps
ais Sun My ¥3p Yap “ap Wao _ 1.989-1[}30kg —13[}-1[}Ekm —8[}-1DEkm Okmps  Okmps
mis Moon | ™m *m0 Ym0 Ym0 ¥mo ?_34T.1[}22kg dm_ap Okm  Okmps 0.97kmps
. | m. X ¥ W, Wen | -
sisCSM 7 780 T80 TS0 TS0 43600kg R+ 110km Rg-96km v vg,

Given Set of Differential Guidance Equations for 4 Body Problem of Earth, Moon, and CSM

xal0) =xgp %A 0} = wxgg ¥al0) =vag  ved0)=weq *n0)=%ng %O =wmg Ym0 =¥mg  ¥md0) = Wi
) = G-Mg-Mp-(Xm (1) — xg(1)) . G- Mg-mg(xg(t) — xg(t)) . G- Mg -mg(xglt) - x5(t))
e 2 3] 2 3 2 3
U{xem—xmm} +(¥g(t) — ¥p(t)) } U{xett}—xsm} + (velt) — v5(1) } U{xem—xsm} +(vg(t) —vg(t)) }
ety G-Mg- M- (¥ (t) — yg(t)) . G - Mg mg-(¥5(t) - ¥g(t)) . G - Mg-mg-(¥5(t) - ¥e()
o 2 2 : 2 2 3 2 2 3
U{xettl—xmttl} + (¥g(t) = ¥p(t)) } U{xett}—xsm} + (vg(t) — vg(0) } U{xettl—xsm} + (vg(t) — yg(t)) }
T G-Mpp- Mg (X (1) — X (1)) G - My Mg (Xg (1) — X (1)) G - My Mg (xg(t) — x,(t))
My - K = -+ +
e 2 2 : 2 2 : 2 2
U{xm[t}—xem} + (V1) — ye(ty) } U{xm[t}—xs[t}} + (¥t — ¥g(t)) } U{xmm—xstt}} + (¥ — yg(t)) }
o - G-Mp,- Mg (¥t — ¥y(1)) G My Mg {y5(t) — ym(t)) G My Mg yg(t) — ¥y (1))
i 2 23+ 2 23+ 2 2
U{xmn:t}—xem} + (V1) — yg(t)) } U{xm(t}—xstt}} + V(D) — y(t)) } U{xmm—xstt}} + (V) — yg(t)) }
x5l 0) = xgq xg10) = wigg vol0) =vgg  vedOl=wrgp xg(0)=xgq  xl0)=wxgy ¥5(0)=vgy vg{D) = wg
G-Mg-Mg-(Xg(t) — Xg(1)) G- Mg My, X1 — x5 (1)) G- Mg-mg-(xg(t) — x5t}
ms-xs-(t} = + +
. 2 -23 - 2 -23 ) 2 -23
Utxstt]—xe(t}} +{1f5(t}—1fe(t}}] L{{xs(t}—xm(t}} +|~y3(t]—ym(tl}] L{{xstt]—xg(t}} ++~y5(t}—y5(tl}}
G-mg-Mg-{yg(t) — ¥5(t)) G - Mg- My (¥(t) — ¥5(1)) G- Mg -mg-(yg(t) - y5(t))
ms-ys-(t} = + +

3

3 3
U (xgt) - xem}g +(vglt) - yem}‘?} U (xgtt) - xmm}‘2 +(yg(t) - ymm}z} U (xgt) - xsm}z +(yg(ty - ysm}z}

G-mg-Mg-(xg(t) — xg(t)) G- Mg-mp- (3 (1) — xg(t)) G- Mg -mg-(xg(t) — x5(t))
Mgxg-(t) = 3+ 37 3
U (xgtt - xsm}z +{vglt) - ysm}z] U (%m(t) - xSm}E +{¥m(t) — ysm}z} U (xglt) - xsm}E +(vglt) - ysm}z}
G-mg-Mg-{¥g() — ¥g(t)) G- Mg My (v (1) — yg(t)) G- Mg-Mg-(vs(t) — yg(t))
ms-!fs-(t] = + +

3

3 3
”{xe(t} - xsm}E + {yglt) — ystt}}z—‘ ”{xmtt} - xsm}2 +¥mit) - ystt}}z—| U{xs(t} - xsm}2 +[yglt) — ystt}}z—|



IB. 4-Body Sim of Apollo Free Return Trajectory: CSM to Moon and Back

Trajectory Model: 4-Body (Earth, Moon, Sun, Spacecraft) 2D Planar Point Mass w Earth at Center

Plot for Sim of 4-Body Free Return Traj: CSM to Moon and Back

Differential Equation Solver

Earth [ % | (%) ]
Ve Yo Initial Velocity (km/s) of CSM at an Altitude of 141 km:
X X gy + v, = 9.365 kmps
Moon ¥ ¥ b dl fly b
m m tim , just unar tim t
NE Odesolve ) tlangMode t ime ty,, jus tEYO"' nar fly by time fiyby dot
Space| © =029 ¢ tgy = 0.2 160hr _ *sltorn)
Craft | ¥s Yg Mplot MNpolot ty, = Re
X3 X3
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For the

- Qur sim runs 114 hrs or 114/24 days. This results in (1/3659) x 114/24 or 7.59.

purpose of our illustration, we will ignore this added complexity. Think of this as

on earth 114 hours after launch, @ rotating reference frame, such as our experience of us living on a rotating earth



